We consider a neutral particle with permanent magnetic dipole moment in an elastic medium with the presence of a uniform distribution of screw dislocations interacting with a radial electric field. We show that the uniform distribution of dislocations plays the role of an effective uniform magnetic field, and obtain a spectrum of energy which depends on the Aharonov-Casher geometric phase [Y. Aharonov and A. Casher, Phys. Rev. Lett. 53, 319 (1984)]. Moreover, from the dependence of energy levels on the Aharonov-Casher geometric phase, we calculate the persistent spin currents in this elastic Landau system.
I. INTRODUCTION
Studies of the arising of persistent currents have attracted a great deal of attention in recent decades [1] . Persistent currents have been studied for spinless quantum particles confined to a quantum ring [2] , two-dimensional quantum rings and quantum dots [3] due to the presence of the Aharonov-Bohm quantum flux. In the presence of a disclination, the confinement of a spinless quantum particle to a two-dimensional quantum dot has been discussed in [4] , where it has been shown that the presence of a topological defect changes the periodicity of the persistent currents.
Persistent currents have also been studied from the dependence of the energy levels on the Berry phase [5] , the Aharonov-Anandan quantum phase [6] , and the Aharonov-Casher geometric phase [7, 8] . In particular, the Aharonov-Casher geometric phase [9] arises from the interaction between the permanent magnetic dipole moment of a neutral particle with an external electric field, therefore, persistent currents associated with the dependence of the energy levels on the Aharonov-Casher geometric phase [9] are called persistent spin currents [7] .
In recent years, studies of torsion effects on quantum systems have shown the coupling between spin and torsion [10, 11] , an analogue effect of the Aharonov-Casher effect [12] , and mathematical models for implementing one-qubit quantum gates for neutral particles have been proposed in [13] . In crystalline solids, a torsion field is described by the Volterra process [14] which consists in describing a topological defect in a solid by the process of "cut" and "glue" of an elastic medium.
In the continuum picture of defects, a torsion field corresponds to the strain and stress induced by a defect in an elastic medium. Examples of torsion in an elastic medium described by the Volterra process are the screw dislocation and the edge dislocation [15] . An interesting study based on the continuum picture of defects in solids was proposed by Katanaev and Volovich [16] by using the differential geometry. In this approach, a linear topological defect in a solid, such as a screw dislocation, is described by the spatial part of a line element which corresponds to one particular solution of Einstein's equations in general relativity [15, 17] . Thereby, based on the KatanaevVolovich approach [16] , studies of the influence of torsion on quantum systems have been made in the motion of an electron in a crystal [18, 19] , quantum scattering [20] , Landau levels for a nonrelativistic scalar particle [21] and a spin-half neutral particle [22] , Berry's phase [23] and a two-dimensional quantum ring [24] . It is worth mentioning other studies of torsion in the classical point of view such as geodesics around a dislocation [25] and torsion effects on electromagnetic fields [26] .
In this paper, we consider a neutral particle with a permanent magnetic dipole moment in an elastic medium containing a uniform distribution of screw dislocations [27] . This neutral particle interacts with an electric field produced by a linear distribution of electric charges on the symmetry axis of one screw dislocation placed at the center of the area containing the distribution of screw dislocations. The origin of this electric field can be explained by the presence of a charged dislocation. During the formation of a topological defect in a crystal, chemical bonds are broke and reconstructed. This process of breaking and reconstructing chemical bonds can produce some bonds which remain broken at the core of the defect, which are called dangling bonds. This process is the main reason for the electrical activity of dislocations in semiconductors. The existence of dangling bonds along the defect produces an electric field, therefore the dislocation acquires an electric charge density, which in turn, produces a electric field in the surrounding medium. In general, this electric charge density is screened by a cylindrical space charge of opposite sign, which is formed by ionized donors or acceptors. In this paper, we consider an electric field generated by a linear distribution of electric charges on the axis of the dislocation. This configuration is known as the Read cylinder [28] . Recently, the Read cylinder has been considered in the study of the quantum scattering of a neutral particle by a charged screw dislocation in Ref. [29] . It worth mentioning that Figielski et al [30, 31] found the solid state analogue of the Aharonov-Bohm effect [32] . We show that bound states can be achieved in the Aharonov-Casher system [9] where the uniform distribution of dislocations plays the role of an effective uniform magnetic field, and the spectrum of energy depends on the Aharonov-Casher geometric phase [9] . In this way, from the dependence of energy levels on the Aharonov-Casher geometric phase [9] , we calculate the persistent spin currents [7] in this elastic Landau system. This paper is organized as follows: in section II, we study the behaviour of a neutral particle with a permanent magnetic dipole moment interacting with an external electric field in an elastic Landau system. We obtain the energy levels for bound states and the persistent spin currents which arise from the dependence of the spectrum of energy on the Aharonov-Casher geometric phase [9] ; in section III, we consider the presence of a hard-wall confining potential in the elastic Landau system, and obtain the energy levels for bound states analogous to confining a neutral particle to a quantum dot with a hard-wall confining potential [33, 34] . We also calculate the persistent spin currents that arises from the dependence of the spectrum of energy on the Aharonov-Casher geometric phase [9] ; in section IV, we present our conclusions.
II. THE AHARONOV-CASHER EFFECT IN AN ELASTIC LANDAU SYSTEM
In this section, we wish to study the behaviour of a neutral particle with a permanent magnetic dipole moment in an elastic Landau system when the magnetic dipole moment of the neutral particle interacts with an external electric field. Our goal is to obtain the energy levels for bound states in an elastic medium with the presence of a uniform distribution of screw dislocations, and show the dependence of the energy levels on the Aharonov-Casher geometric phase [9] which gives rise to the arising of persistent currents [2] . First of all, let us consider an elastic medium in the absence of topological defects. The quantum dynamics of the neutral particle is described by the the following Schrödinger-Pauli equation [9, 35, 36] 
where we consider the units = c = 1 from now on. We have in (1) that µ corresponds to the permanent magnetic dipole moment of the neutral particle, m is the mass of the neutral particle and the matrices σ i correspond to the Pauli matrices. The Pauli matrices satisfy the relation
, where η ij = diag(+ + +). An interesting quantum effect arises from the interaction between the magnetic dipole moment of the neutral particle and an electric field yielding the appearance of a geometric phase in the wave function of the neutral particle. Now, we consider the Aharonov-Casher effect generated by a neutral particle in the presence of a charged screw dislocation. This system consists in considering the magnetic dipole moment of the neutral particle being aligned to the z-axis, and an external electric field produced by a linear distribution of electric charges along the dislocation located in the z-axis. The electric field produced by a charged screw dislocation [28] [29] [30] [31] is given by E = λ ρρ (where ρ = x 2 + y 2 , λ is the linear charge distribution along the z-axis, andρ is a unit vector on the radial direction). Thereby, we have that the interaction between the magnetic dipole moment and the radial electric field produced by a charged screw dislocation gives rise to a geometric phase given by
The quantum effect related to the geometric phase (2) is called the Aharonov-Casher effect [9] [51].
Now, let us introduce the geometric description of an elastic medium with the presence of a uniform distribution of screw dislocations. The geometric description of defects in solids was
proposed by Katanaev and Volovich [16] . In the Katanaev-Volovich approach [16] , linear topological defects are described by the spatial part of the line element of a general relativity scenario. For instance, disclinations in solids correspond to the spatial part of the line element of the cosmic string spacetime [15, 16] . Recently, by using the geometric theory of defects in solids, one-qubits quantum gates have been proposed in [13] . In this work, we consider a uniform distribution of parallel screw dislocations in an elastic medium which is described by the line element [27] 
where Ω = b i A 2 , with A being the area density of dislocations and b i is the Burgers vector. In recent years, the influence of the classical background described by (3) on the quantum dynamics of a spinless particle has yielded bound states corresponding to the elastic Landau levels [27] .
Moreover, bound states have been obtained by a spin-half neutral particle both under the influence of a constant force field [37] and in the presence of a repulsive Coulomb-like potential [38] , due to the presence of a uniform distribution of parallel screw dislocations.
By observing the symmetry involving the classical background given in (3), we can work the Schrödinger-Pauli equation (1) by using the mathematical formulation of the spinor theory in curved spacetime [39] . Spinors in curved spacetime are defined locally and obey the local Lorentz transformations. In this way, the procedure of defining spinors in curved spacetime consists in building a local reference frame via a noncoordinate basisθ a = e a µ (x) dx µ , whose components e a µ (x) are called triads [14, 39, 40] . Triads satisfy the relation g µν = e i µ (x) e 
Returning to the geometric theory of defects in solids, screw dislocations are linear topological defects related to the presence of torsion in an elastic medium [14] . Due to the presence of torsion and curvilinear coordinates, the partial derivative ∂ µ given in the Schrödinger-Pauli equation (1) becomes the covariant derivative of a spinor ∇ µ = ∂ µ + Γ µ (x) [10] , where
Σ ab is called the spinorial connection. For two-spinors, we have that Σ ab is defined in the form Σ ab = i 2 σ a , σ b , where we define the matrix σ 0 = I being the 2 × 2 identity matrix and σ i being the usual Pauli matrices. Further, the connection 1-form K µab (x) is related to the contortion tensor via the expression [10] :
Moreover, the contortion tensor is related with the torsion tensor via K
Note that the torsion tensor is antisymmetric in the last two indices, while the contortion tensor is antisymmetric in the first two indices. Following these definitions, we can represent the torsion tensor in terms of three irreducible components [10] : the trace 4-vector T µ = T β µβ , the axial 4-vector S α = ǫ αβνµ T βνµ , and the tensor q βνµ which satisfy the conditions: q β µβ = 0 and ǫ αβνµ q βνµ = 0. In this way, the torsion tensor becomes
6 ǫ βνµγ S γ + q βνµ , and we can rewrite the connection 1-form (5) in terms of these irreducible components [10] . We also have in the expression of the spinorial connection the presence of the connection 1-form ω a µ b (x) which is, in general, related to the curvature in an elastic medium. Both connections 1-form ω µab (x) and K µab (x) can be obtained by solving the Cartan structure equations T a = dθ a +ω a b ∧θ b [40] , where the operator d corresponds to the exterior derivative, the symbol ∧ means the wedge product, ω a b = ω a µ b (x) dx µ , and T a = 1 2 T a µν dx µ ∧ dx ν is the torsion 2-form. For instance, by solving the Cartan structure equations for the triads (4), we obtain [37] 
From the component of the torsion 2-form given in (6), we obtain one non-null component of the axial 4-vector S 0 = −4Ω [37] .
In this way, by changing the partial derivative for the covariant derivative of a spinor into the Dirac equation, and applying the Foldy-Wouthuysen approximation [41] in order to obtain the nonrelativistic limit of the Dirac equation, it has been shown in [12] that the general expression for the Schröndiger-Pauli equation (1) involving torsion in curvilinear coordinates is given by
where the vector Ξ is defined in such a way that its components are given in the local reference frame vector. Moreover, in the absence of defects, we have that the term σ × E plays the role of the Aharonov-Casher potential vector [9] . As discussed in Refs. [10, 11] , the components of the vector σ can be considered as internal degrees of freedom, that is, we can consider the components of σ corresponding to the spin of the neutral particle. In this way, we can see in Eq. (7) that the axial 4-vector S µ couples to spinors, while the trace 4-vector T µ and the tensor q βνµ decouple. The spin-torsion coupling is given by the last term of (7).
In the Aharonov-Casher system [9] , the magnetic dipole moment of the neutral particle is considered to be aligned to the z-axis, then, by taking the electric field E = λ ρρ (produced by a linear distribution of electric charges on the symmetry axis of one screw dislocation, which can be considered to be placed at the center of the area A), we have from (2) that µ σ × E = ± φ AC 2πφ . Further, for the neutral particle moving in a region ρ = 0, we have that the term ∇ · E of Eq. (7) is null if we assume that the wave function of the neutral particle is well-behaved at the origin. In this way, the Schrödinger-Pauli equation (7) becomes
We can see that ψ is an eigenfunction of σ 3 , whose eigenvalues are s = ±1 and the Hamiltonian of the equation (8) commutes with the operatorsĴ z = −i∂ ϕ [52] andp z = −i∂ z . Therefore, we can write the solution of the Schrödinger-Pauli equation (8) in terms of the eigenfunctions of the operatorsĴ z andp z [42] , that is, ψ s = e −iEt e i(l+ 1 2 )ϕ e ikz R s (ρ), where l = 0, ±1, ±2, . . . and k is a constant (we consider k > 0 as discussed in [38] ). Substituting this general solution into the second order differential equation (8), we obtain
where we have defined the following parameter in the equation (9):
where φ 0 = 2π [53] . Note that, the presence of a uniform distribution of screw dislocation yields no new term in the expression of the angular momentum (10) in contrast to the cases where there exist the presence of only one screw dislocation as pointed out in [24, [43] [44] [45] [46] ] for a spinless quantum particle and in [22] for a spin-half neutral particle. In the present case, the presence of the uniform distribution of screw dislocations provides the spin-torsion coupling as pointed out in [10] , and a term proportional to ρ 2 in Eq. (9) which is analogous to a harmonic oscillator potential.
Next, we make the change of variables ξ = Ωkρ 2 , then, the equation (9) becomes
where
2 . Now, we consider the wave function of the neutral particle is well-behaved at the origin, thus, the solution for the equation (11) can be written as
Substituting the solution (12) into (11), we obtain a second order differential equation given by
which is the Kummer equation or the confluent hypergeometric function [47] . In order to obtain a solution for the equation (13) , |γ s | + 1, ξ = Ωkρ 2 [47] . Therefore, a normalized radial wave function can be obtained if we impose that the hypergeometric series becomes a polynomial of degree n. This makes the radial wave function finite everywhere [48] . This can be achieved when the 
The expression (14) corresponds to the energy levels for a neutral particle with a permanent magnetic dipole moment interacting with an external electric field in an elastic Landau system. This elastic Landau system is obtained due to the presence of the topological defect, where the uniform distribution of dislocations in the elastic medium plays the role of a uniform magnetic field.
From (10), we can see that the energy levels (14) depends on the Aharonov-Casher geometric phase [9] whose periodicity is φ 0 = 2π, that is, E n, l (φ AC + φ 0 ) = E n, l+1 (φ AC ). Observing the harmonic-type confinement in (9) due to the presence of a density of screw dislocations, we have an effective magnetic confinement analogous to a quantum dot [3] . Thereby, we can calculate persistent spin currents [7, 8] in analogous way to the persistent currents observed in a quantum dot [3] . Hence, from the dependence of the energy levels on the Aharonov-Casher geometric phase, there exists the arising of persistent spin currents in this system given by [2, 7, 8 ]
Note that the appearance of the persistent spin currents (15) in the Aharonov-Casher system comes from the presence of the uniform distribution of screw dislocation along the path of the neutral particle. Without this uniform distribution of screw dislocation, a discrete spectrum of energy would be impossible in the Aharonov-Casher system because the neutral particle would be a free particle. We also have that the presence of topological defects in this system does not change the periodicity of the persistent spin currents as pointed out in [4] for a spinless quantum particle without torsion). The persistent spin currents (15) is a periodic function of the Aharonov-Casher geometric phase φ AC , whose periodicity is φ 0 = 2π.
III. HARD-WALL CONFINING POTENTIAL
In this section, we consider the presence of a hard-wall confining potential in the elastic Landau system discussed in the previous section. This confining potential used here aims to describe a more realistic geometry of a quantum dot in the presence of a uniform screw dislocation density.
In the following, we consider the wave function of the neutral particle being well-behaved at the origin, and vanishing at a a fixed radius ρ B . As we have obtained in the previous section, the radial solutions (12) are given by
In order to obtain a normalized solution inside the range 0 < ρ < ρ B , we consider Ωk being quite small. In this way, by taking a fixed value for the parameter b = |γ s | + 1 of the Kummer function, we can consider the parameter of the Kummer function a = |γs| 2 + 1 2 − βs 4Ωk being large due to Ωk to be small. Thus, by considering a fixed radius ρ B , we can write the Kummer function in (16) as follows [47, 49] :
where Γ (b) is the gamma function. Next, by applying the boundary condition R s (ρ B ) = 0, we obtain the following expression for the energy levels:
The energy levels (18) correspond to having the neutral particle interacting with a radial electric field in a elastic medium confined to a hard-wall confining potential. Despite the uniform distribution of screw dislocation plays the role of a uniform magnetic field yielding the arising of an analogue of the Landau quantization [48] , we have in this case a confinement of a neutral particle to a quantum dot with a hard-wall confining potential [33, 34, 49] . The presence of the topological defects on this system yields two new contributions to the spectrum of energy given by the two last terms of (18) in contrast to the results obtained in Ref. [34] in the absence of defects. Moreover, we can recover the results obtained in Ref.
[34] for a neutral particle confined to a quantum dot with a hard-wall confining potential by taking the limit Ω → 0. Although there exists the influence of topological defects on this system, the degeneracy of the energy levels is not broken due to the presence of defects as it has been shown in studies involving quantum rings [24] , quantum dots [4] (without torsion), and a confinement of a neutral particle to a quantum dot induced by noninertial effects [50] . Following the discussion of Ref. [24] , the presence of torsion associated with the uniform distribution of screw dislocations introduces a spiral structure in the medium.
Furthermore, we can see that the energy levels (18) depend on the Aharonov-Casher geometric phase φ AC [9] , with a periodicity φ 0 = 2π. From this dependence on the geometric phase, persistent currents arise inside the quantum dot. By using the Byers-Yang relation [2] , the persistent spin currents are given by
Note that the expression of the persistent currents (19) is a periodic function of the AharonovCasher geometric phase φ AC , whose periodicity is φ 0 = 2π. We can see that the presence of topological defects does not change the periodicity of the persistent currents as pointed out in
Ref. [4] in the absence of torsion. The influence of torsion on the persistent currents inside the quantum dot is given by adding a new term:
Ωk m . By taking the limit Ω → 0, we recover the same expression for the persistent currents obtained in Ref. [34] .
In this work, we have shown that the influence of a classical background made by a uniform distribution of screw dislocation on the Aharonov-Casher system [9] gives rise to bound states analogous to the Landau quantization having a dependence on the Aharonov-Casher geometric phase. In this case, the Aharonov-Casher geometric phase arises from the interaction between the permanent magnetic dipole moment of a neutral particle and an electric field produced by a charged screw dislocation placed at the center of the area A that contains a uniform distribution of screw dislocations. Besides, we have seen that the uniform distribution of screw dislocation plays the role of a uniform magnetic field which gives rise to the elastic Landau system [27] . From the dependence of the energy levels on the Aharonov-Casher geometric phase, we have obtained that the energy levels are a periodic function of the geometric phase, and yields the arising of persistent currents in the elastic Landau system.
We have also discussed the confinement of a neutral particle with a permanent magnetic dipole moment to a hard-wall confining potential in the presence of an electric field. We have shown that by imposing a condition on the parameter related to the uniform distribution of defects that we can obtain bound states analogous to having a neutral particle confined to a quantum dot in the asymptotic limit. Furthermore, we have seen that the presence of topological defects does not break the degeneracy of the energy levels in contrast to previous studies of the influence of topological defects on quantum dots [4, 50] . We also have seen that the energy levels depend on the Aharonov-Casher geometric phase, and obtained the persistent currents from this dependence on the geometric phase. Moreover, we have shown that the presence of topological defects does not change the periodicity of the persistent currents as pointed out in Ref. [4] in the absence of torsion, but yields a new term in the expression of the persistent currents. Note that the existence of this new contribution to the persistent current in (19) , which arises from the presence of torsion in a quantum dot, can be investigated in semiconductors quantum dots possessing a density of screw dislocations, since persistent spin currents can be measured in these systems. [53] Note, by restoring and c, we have φ 0 = 2π/ c as in Ref. [7] .
